Juan Andrés Cabral

Cobb-Douglas maximization with second-order conditions

Given the following utility function:
U(xy,xg) = AxSad™* with 0<a<1, A>0, z; >0, 3 >0,
find the optimal consumption bundle if the consumer has the following constraint:
Pizy + Pobas =R with P >0, P, >0, R>0.

Show that the second-order conditions are verified.
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Solution

Given:
U= AxSad™™

subject to the budget constraint:
Plel + PQZL'Q =R

The Lagrangian function is:
L= Am?l’%ia + )\(R — Pz — PQQZ‘Q)
First, we derive with respect to x:

oL ol 1-a aAzS gl
6—%:@/1:101 lmé —AP=0 = )\:71131 2

Then, we derive with respect to xs:
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Equating the two values of A:
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Substituting into the budget constraint:

Solving for xa:

R =Pz + Pyxo
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Finally, substituting 7 into the equation for xs:
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Calculating the second derivatives:
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And the first derivatives of the constraint to form the bordered Hessian:
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We form the bordered Hessian:
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Distributing the negative signs:
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We know that 0 < o < 1, so 1 — « > 0. This results in all positive terms:
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Since we also know that x7 > 0 and 23 > 0, we can conclude that |//|> 0 and since we have:
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We have a maximum.
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